
R is a complete ordered field including two special elements 0, 1 (zero, one) with +, x (addition, multiplication), and order 



	 





  SATISFYING the following “axioms”  I, II, and III: 



I (field axiom) :



(1)   
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It Order field axiom

I 1 trichotomy property HK y C 172 exactly
one and only one of the following cases will

happen XLT
x y
YL K ie x y

so key y s a x y why Exercise






































































































































µ I X o satisfies I except

Apartfrom IR there are many other

systems satisfying Axiom I e.g

Q fraternal numbers satisfies I I

CN I Y Yo fifthftp.s.YHEFeetneanorohq.fmO t I EE l to I Id

I I 0
O 0 0 O l I 0 0 1 1 1

equivalently Lo 1 to be defined as Imo d 2

X n y iff k y divisible by 2

x y E Z integers
Then Eo 1 f Hmod 2 does Not
satisfy It Showed 1 so then a It 1 so 11 1

leads a contradiction therefore I 0 as I 40

make use ofthe trichotomy property
However I o also leads a contradiction in
the systini because ofthetranslation propertyNote a

1 Uniqueness in ii Ciii Cii Viii e.g.fmKii

Supp ne KE Rl lo a EIR and 2 E IR s t

Xi x x I t

KK ex n I
Then

I I I fix x X I Ic






































































































































II 2 transitive Key yes my

I 3 compatible w r t t
d w r t positive multiplication ie

my xtzgytttzc.IR
trainshI

k ya os x Xx Xy

In Order Complete axiom

If A is a nonempty subset of IR and it 112
smh that as a fat A ie Xvi an upper
bound of A then there exists Xo4R the
smallest upper bound of A i.e
do ban uppwboundYA as do ta EA
do E d whenever X is an upperbound YA

Note can be stated equivalently as

Tf u do then 7 a c A sit a X






































































































































i IV can be summarized as

IR t is a commutative Abelian group
Vi fix 1 equivalent to saying that

11244 is a comutative croup
i x can be stated as fR is afield

Id I together means that IR is
an ordered field

Remark The property l O 0 can

be proved by theother proprieties of IR
I o I 0 0 1 O t 1.0

and so I 0 0 by adding the
inverse w r t i o g l O

Notes t Ex htt yet need

1 Uniqueness






































































































































2 Usual Emullahni Law hold fin IR

Ktf y tf x y
only need I

xz yz gto
x y

3 f 1 x K LHS has the property
El K 171 41 t 1 21 0 x O

YI'Tradffkkbufferyeingnesness

4 ti l y L LHS has the property
C 1 G tf 1 f 1 I fi O f 4 0

to C 1 l l is the additive inverse g l

5 My ya x ocy HEY 1CxD
my Xtc D L y 1C x oh y t C x

6 0L xd Ocy Os x exty

7 Ki C Yi i 1,2 X 1712C y t Yz

8 If ato then Os x Ext where

I x x Proof Consider two cases

Os x Os C x noting x to the

assumption






































































































































Natural Numbers Math Induction MI

Only use axioms I dI

Definition N is defined to be the

smallest subsetof1B s t

d I E N
CH N b inductive

X E N at 1 E N

HathInduhim MI Suppose Pln bar

statementforany c IN such th wt

p l b true
P nti is true wheneverpth is true

Then P n b true f n E Al

Proof Let Z Ln EN pin b true

Then 2 is inductive and I C Z

Sina Z E Al itfollowsfromthe smallish
properly stated in thedefof Al that
2 IN and so pCn is true f n E Al






































































































































Extended MI Suppose that
HE Pfi b true

c'if If near such that

1 k is true fu all k I n

then p nti

Then pln is true for all n C At

proof Let Q n denote the

combined statement of PCI PC 2 Pln

Thus Q l is the same as PCD and

note that Q n holds means that

PCD PCD pen hold The

given a and Iii's can be restated as

Lil Q l is true
dis QCn is true Q ntl b true

Now apply MI to Qbs






































































































































Cort Let XE Al be a finite set

say X n ie there arent c As
many distant elements in X Then

X has a me
greatest element

i smallest element

Proof By M I Exercise
Cor 2 I is the smallest element in N

and N is an infinite net that is not

a finite ret

Proof Let

No 1 U Ln EN I n
n

Then as AE is seen to be midnutive

and contains 1 one has Af IN and

so any n E N 4 is biggerthan I

For the 2nd assertion note that any
net IN b smaller than net 1 which is






































































































































also in NJ so Al does not have

a largestelement and hence Al must

not be finite by Corl

Cor 3 Let 2 HI 3 2 1 etc Then

It 2L 3 C 4 s

so all district and f n E Al

f n n 11 n N 0 thus

informally IN 1,2 3

proof HE L u In EN an

Similar as before D Ali and so I n t Als t K ne 2 since any new should be either
1 W 2E n Similarly Nz IN there

Ah L 1 2 V En EN 3 Em

and so 12 3 n Al 0 hymerd
tf NE Al one has N Ntl n IN 0

you are invited to check this via

extended MI























Well-Order Principle for N. Let X be a nonempty set of natural numbers. 

   (I) If X is finite then it has the smallest and the largest elements.

   (II) X has the largest elements if and only if    ( iff ) there exists a natural number n dominating (bigger than 
or equal to) every members of X. [Hint on Proof: induction over n].



Let Z denote the set of all integers, that is Z: = { n: n =0, or n is a natural number or -n is a natural number.}.



  Generalised Well-Order Principle for Z. Let X be a nonempty subset of Z. 



(I)  Let n be a natural number such that -n < x for all x in X (such n does exist in the case when Z is finite). 
Then {n+x:  x in X} is a subset of N.

(II) If X is finite then it has the smallest and the largest elements. 

(III) X is finite iff there exist natural numbers n and m such that -n < x < m for all x in X.




























































































































